Written Exams 2016/17 by Cattabriga, Alessia
6th, June 2017 Universitary badge n. . . . . . . . . . . . . . . . . . . . . . .
Linear algebra - written test
Oral exam on:  June 9th morning  June 9th afternoon
 June 28th  July 20th
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution without
procedure or explanations won’t be evaluated, even if it is correct. You can do the
exercises in the order you prefer: notice that it is possible to solve any of them, even
without having solved the previous ones.
1) Consider the linear system S : Ax = b with real coefficients with
A =
 1 3 1 22 6 4 8





(a) Find the general solution of the system and two particular solutions.
(2+1 points)
(b) Compute a basis and the dimension for N (A). (2+1 points)
(c) Is {(−3, 1,−2, 1)} a basis of N (A)⊥? Explain why. (1 point)
(d) Find the least square solution of the system. (4 point)
(e) Compute a Cartesian representation and the dimension of R(A|b), where
(A|b) is the augmented matrix associated to S. (2+1 points)
(f) Let TA : R4 → R3 the linear map defined by TA(x) = Ax. Find, if there
exists any, a vector c such that T−1A (c) = ∅ and a vector d such that
T−1A (d) 6= ∅. (2+1 points)
2) Let a ∈ R and consider the matrix with real coefficients
B =
 3 a2 + a 1a −6 −1
1 −1 0
 .
(a) Find, if any, the values of a ∈ R such that B is symmetric and classify
the quadratic form q : R3 → R defined by qB(x) = xTBx. (1+2 points)
(b) Find, if any, the values of a ∈ R such that Bx = 0 has just one solution
and find it. (2+1 points)
(c) Find, if any, the values of a ∈ R such that (1, 0, 1) is an eigenvector. (2
points)
(d) Find, if any, the values of a ∈ R such that 0 is an eigenvalue of geometric
multiplicity 2. (2 points)
(e) Fix a = 1. Is B diagonalizable? Explain why. (4 points)
26th, June 2017 Universitary badge n. . . . . . . . . . . . . . . . . . . . .
Linear algebra - written test
Oral exam on:  June 28th morning  June 28th afternoon  July 20th
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution without
procedure or explanations won’t be evaluated, even if it is correct. You can do the
exercises in the order you prefer: notice that it is possible to solve any of them, even
without having solved the previous ones.
1) Consider the following matrix with real coefficients
A =
 3 1 4 −16 2 8 −a
−3 1− a −2a 1
 .
(a) Find the dimension of the four fundamental subspaces associated to A,
depending on a ∈ R. (4 points)
(b) Fix a = 2 and compute a basis for N (AT ). (2 points)
(c) Fix a = 2 and compute the projection of v = (1, 1, 1) onto C(A) and onto
N (AT ). (3 points)
(d) Fix a = 0 and compute a minimal Cartesian representation for R(A). (3
point)
(e) Fix a = 0 and let B the minor obtained by removing the first column
from A. Find the least square solution of Bx = b, with b = (2 0 − 2).
(2 points)
(f) Fix a = 0: is it possible to add a row to A such that the resulting matrix
is non singular? If yes do it, if no explain why. (2 points)
(g) Let C be the order 2 matrix obtained by removing from A the second
row and the second and third column. Find the singular values and the
singular value decomposition. (3+4 points)
2) In R4 consider the vectors
v = (3, 1, 1,−1), w = (2, 1, 0, 0).
(a) Find a vector u ∈ R4, with u 6= v,w such that span(u,v,w) = span(v,w).
(2 points)
(b) Find a basis B of R4 containing v and w. (2 points)
(c) Find a minimal parametric representation for span(v,w)⊥. (4 points)
18th, July 2017 Universitary badge n. . . . . . . . . . . . . . . . . . . . . .
Linear algebra - written test
Oral exam on:  July 20th morning  July 20th afternoon  September 7th
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution without
procedure or explanations won’t be evaluated, even if it is correct. You can do the
exercises in the order you prefer: notice that it is possible to solve any of them, even
without having solved the previous ones.
1) Consider the subspace W of R4 given by the following Cartesian representation
W :

3x1 − 2x2 + x3 = 0
2x2 + x4 = 0
−6x1 + 2x2 − 2x3 − x4 = 0
.
(a) Find a basis and the dimension of W . (2+2 points)
(b) Find the orthogonal projection of v = (0, 2, 0, 1) onto W . (4 points)
(c) Find a minimal parametric representation for W⊥. (2 points)
(d) Find a subspace U ⊂ R4 having dimension 1 and such that U ∩W = {(0, 0, 0, 0)}.
Is it true that U ⊕W = R4? (2+1 points)
(e) Find the general solution of the linear system Ax = b, where A is the
coefficient matrix of the above homogeneous system representing W and
b is the vector obtained by summing up all the columns of A. (2 points)
2) Consider the following matrix
A =
 1 1 −1 0 02 2 −3 0 0
−1 −1 1 1 0
 .
(a) Find a minor M of A realizing the rank of A. (2 points)
(b) Is it possible to remove a column from A such that the resulting matrix
has rank 1? Does your answer change if the word “column” is replaced
by the word “row”? (1.5+1.5 points)
(c) Let N be the minor of A obtained by removing the third and the fourth
column. Find a diagonal matrix D and an invertible matrix E such that
N = EDE−1. (3+3 points)
(d) Let B be the 3× 2 submatrix of A obtained by selecting the second and
third column. Find the least square solution of Bx = (1 0 0)T . (5 points)
5th September 2017 Universitary badge n. . . . . . . . . . . . . . . . .
Linear algebra - written test
Oral exam on:  7th September morning  7th September afternoon
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution without
procedure or explanations won’t be evaluated, even if it is correct. You can do the
exercises in the order you prefer: notice that it is possible to solve any of them, even
without having solved the previous ones.
1) Consider the following matrix with real coefficients, depending on the para-
meter λ ∈ R
A =
 λ 1 2 20 3 + λ 8 7
0 0 4 2
 .
(a) Find the dimension of the four fundamental subspaces associated to A,
depending on λ. (4 points)
(b) Fix λ = 0 and find the general solution of Ax = 0. (3 points)
(c) Fix λ = 0 and let b = (1, 2,−2)T . Is v = (2, 1,−1, 1) a solution of the
linear system S : Ax = b? Find the general solution of S. (1+2 points)
(d) Fix λ = 0 and find a minimal Cartesian representation of C(A). (3 points)
(e) Fix λ = 1 and let B be the minor of A obtained by removing the last
column. Find B−1. Is B orthogonal? (3+1 points)
2) Let P1 be the projection matrix onto the line through (1, 0, 0) and P2 is the
projection matrix onto the line through (0, 0, 1).
(a) Compute P = P2P1. Is P a projection matrix? (Hint: notice that there
no need to compute P1 and P2). (2+1 points)
(b) Find the eigenvalues of P1 and a basis for each eigenspace. (1+2 points)
3) Consider the linear system with real coefficients
R :
{
x+ y + z = 1
x+ 2y + z = 2
.
(a) Explain why R has infinite many solutions. (2 point)
(b) Find the least square solution of R and a solution which is not the least
one. (5+2 points)
December 18, 2017 Universitary badge n. . . . . . . . . . .
Linear algebra
Oral exam on:  2pm December 20  January 11
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Consider the matrix with real coefficients
A =
 0 1 2 20 3 8 7
0 0 4 2
 .
(a) Find the dimension and a basis for the space of solution of Ax = 0.
(5 points)
(b) Find a non-zero vector b such that the system Ax = b admits at
least one solution and a vector c such that the system Ax = c has
no solution and explain why. (2+2 points)
(c) Find the least square solution of EITHER Ax = b OR Ax = c.
(6 points)
(d) Find a Cartesian representation for the column space of A. (3
points)







(a) Find, if possible, a diagonal matrix D and a non singular matrix
E such that D = E−1BE. (8 points)
(b) Find the inverse of B. (3 points)
(c) Let FB : R2 → R2 defined by FB(x) = Bx. Find F−1B (1, 1). (3
points)
January 9, 2018 Universitary badge n. . . . . . . . . . . . . .
Linear algebra
Total number of sheet (handed): . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
In each exercise, write down the procedure or give explanations: a solution
without procedure or explanations won’t be evaluated, even if it is correct.
You can do the exercises in the order you prefer: notice that it is possible to
solve any of them, even without having solved the previous ones.
1) Let FA : R3 → R3 be the endomorphism, depending on λ ∈ R, given
by
FA(x, y, z) =





(a) Find the values of λ ∈ R, such that FA is a bijection. (3 points)
(b) Fix λ = 0 and compute F 2A(1, 1, 1) = FA(FA(1, 1, 1)). (2 points)
(c) Fix λ = 0. Write equations for F−1A and compute F
−1
A (0, 0, 0).
(3+1 points)
(d) Fix λ = 1. Compute a basis for kerFA and a basis for imFA. (2+2
points)
(e) Fix λ = 1. Find, if possible, a vector v ∈ R3 not belonging to
imFA (prove it explicitly). (2 points)







(a) Find, if possible, a diagonal matrix D and an orthogonal matrix
Q such that D = Q−1BQ. (6 points)
(b) Find the canonical metric form q˜ : R2 → R of q : R2 → R defined
by q(x, y) = (x, y)B(x, y)T . (2 points)
3) Consider the following subspaces of R4
U = {(x1, x2, x3, x4) ∈ R4 | x1 + x2 + x3 = 0, 2x1 + 2x2 + 2x3 = 0},
W = span ((1, 1, 1, 0), (2, 2, 2, 0), (−1,−1,−1, 0)) .
(a) Compute the dimension of U and the dimension of W . (2 points)
(b) Prove that U⊥ = W . (2 points)
(c) Compute the orthogonal projection of w = (2, 2, 2, 2) onto U . (4
points)
